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Introduction 



In the early seventies D. Ray and I. Singer [17] introduced the notion of 
zeta-regularized determinants. They used it to define the analytic version 
of Reidemeister torsion as an alternating product of determinants. One 
way to understand analytic torsion is to consider it as a "multiplicative 
index" of an elliptic complex. By the L 2 -index theorem of M. Atiyah |jj] 
this analogy suggests that one should define "L 2 -torsion" via the use of 
von Neumann traces and one should ask whether a " multiplicative L 2 -index 
theorem" holds, which would say that analytic torsion should coincide with 
the L 2 -torsion. This, however, fails to hold. To measure the failure one 
considers the quotient SSSMig torsion ^ p Qr number there sometimes is 

^ L z — torsion 

a Lefschetz theorem expressing it as (regularized) sum of local geometric 
contributions (see |7]]). 

Since the torsion is an alternating product of determinants one should 
more generally consider the quotient rcg^izod determinant The gtud f th 

° J ^ L z — determinant •> 
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latter is the aim of the present paper. We show that in towers the reg- 
ularized determinant converges to the L 2 -determinant and that the regu- 
larized determinant can generally be expressed as an "Euler-product" of 
L 2 -determinants. 

The first section is devoted to the study of regularized determinants. 
We show an asymptotic formula which is useful to determine the exact 
shape of a geometric zeta function ||. In the second section we study L 2 - 
determinants and in the third we prove convergence theorems that show that 
in a tower of coverings converging to the universal covering the regularized 
determinant converges to the L 2 -determinant. Since L 2 -determinants or 
L 2 -torsion numbers are easier to compute than the regularized determinant 
or the analytic torsion this result shows the generic nontriviality of the 
regularized determinant of the analytic torsion. The last section gives an 
"Euler-product" formula which says that the regularized determinant is an 
infinite product of equivariant L 2 -determinants on certain, generally infinite 
coverings. 

1 Regularized determinants 

1.1 Let a = (a n ) ngN be a sequence of nonzero complex numbers such that 
all members a n lie in the complex angle W e := {— ir + e < arg z < ir — e} for 
some e > 0. The sequence a is called admissible if 

a) for some natural number k the sum J2 n a n k converges absolutely and 

b) the theta series 

Q a (t) :=^e- to », 

n 

which is convergent for all £ > 0, has an asymptotic expansion 

oo 

a (i) ~ X>* Q "> 
as 1 1 0, where a u +oo. 

1.2 Remarks: - The asymptotic expansion above means that, assumed 
the a. v are ordered increasingly, for any natural number N there is a constant 
C such that 

N 

\@ a (t)-j2 c ^ av \ <ct aN+i 

u=0 
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for all t e]0,l[. 

- Let (a n ) neN be an admissible sequence then the condition a n E W e and 
condition a) imply Re(a n ) — ► oo for n — ► oo. 

- The same two conditions imply that the theta series @ a (t) converges 
absolutely for all t > 0. 

- Instances of admissible sequences are semilattices, i.e. a n = ao + nz, 
for some oq,z £ W e or the sequences of eigenvalues of elliptic differential 
operators (Lemma 1.7.4 in JIT 



Lemma 1.3 Let (a n ) ngN be an admissible sequence, then the zeta series 

GO) := 

n 

where the power is defined by the principal branch of the logarithm, converges 
in the half plane Re(s) > k and extends to a meromorphic function on C. 
The only poles of Ca( s ) are simple poles at s = —ct v whenever a u is not an 
integer > 0. The residue at s = —a u is T (- Q ) ■ 

Proof: To show the convergence write a n as \a n \ e l8n and s = a + it with 
a,t G R, then \a~ s \ = e -R e ( sl °g«n) = e -(<TiogK|-te n ) < |a n |- CT e l i l( 7r - £ ) ) which 
gives the claim. To proof the assertion on extension we may write 



1 r°° 

C.(a) = / t^Qa^dt 

T(s) Jo 



for Re(s) sufficiently large. We split this integral into two parts as f£° = 
Jq 1 + f£°. The second part, i.e. Yjj) Si° ^ s_1 ©a(i)^ is convergent for all s 
and thus represents a holomorphic function in s. For the first part let N be 
any natural number and write 



1 r 1 1 JV 1 

— -/ ^ l e o (t)«ft = — 




The latter integral converges locally uniformly for Re(s) > — ajv+i- Since 
a TV — ^ 00 as tends to infinity the claim follows. □ 
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1.4 We want to use the zeta function ( a to define the regularized product 
of the a n . To motivate this, consider finite products for the moment. For a 
finite tupel a = (ai, . . . , a at) we also may consider the zeta function Ca(s) ■= 
J2n=i a n S > which gives an entire function. We have C' a (s) = J2n=i l°g( a n)a^ s 
and thus n^Li a n = ex P( — C(0))- So we define: 

The regularized product of the admissible sequence a = (a n ) n6N is 
defined to be the number: 

\\a n := exp(-Ca(0)). 

n 

Example: For the sequence a n := n we get Ca = d the Riemann zeta 
function. Because of C'(0) = — ^log(27r) we get 

f[n = V2^. 

n 

We now give some elementary rules concerning regularized products. 

Proposition 1.5 i) IfN = AuB is a disjoint decomposition of the set 
of natural numbers and each of the sequences (a n ) ng A and (a n ) ne s is 
either finite or admissible then (a ra ) TtgN is admissible and we have 

nGN neA neB 

ii) If a = (a n ) raGN is admissible and c > then (ca n ) neN is admissible and 

Y[ can = c C40)rj Gn . 

n n 

Hi) If (a n ) ngN is admissible and Re(s) > is such that a s n still lies in some 
W e then {a s n ) is admissible and 

f[< = (flan 

n \ n 

Proof: i) is clear since the theta series behaves additively. 
ii) We have e (co „ )neN (t) = 6 (an)neN (ct) and therefore 

1 f°° 




REGULARIZED AND L 2 -DETERMINANTS 



5 



so that C( can)ne >) = -(log c)c s C(a„) neN (s) + c s C( an)ne >), which gives the 
claim. 

iii) This follows from C«)„ eN (s') = C(a„) n£N M- D 

1.6 Now suppose given a Hilbert space Ti and a densely defined operator 
A onTi. We call A regular if there is a dense subspace Ti' of dorm4 C Ti 
such that Ti' = 0j-£^, where the Hi are pairwise orthogonal, each Hi is 
finite dimensional and stable under A. Further, if / £ Dom( J 4) with / = 
Ei /i, fi £ Hi, then we insist that A/ = J2i A fi- 

It is easy to see that regular operators are closable. Let (a ra ) ragN be 
the sequence of eigenvalues of A on Ti', each occurring with its algebraic 
multiplicity. If the sequence (a n ) is admissible we call A admissible and 
define its determinant to be 

det(A) := J[a n . 

n 

Remarks: - Since an admissible sequence tends to infinity it actually 
follows that for an admissible operator A the space Ti' coincides with the 
space of A-finite vectors, hence is uniquely determined. 

- The Proposition 1.3 immediately translates to the rules 

• det(A ®B) = det(A)det(B) 

• det(cA) = <£(°)det(A) 

• det(A s ) = det(A) s . 

In general we will consider operators with nontrivial kernel. So let A be a 
densely defined operator and let ker( J 4°°) := {J neN hsr(A n ) be the generalized 
kernel. Let P be the orthogonal projection onto (ker(^4 00 ))-*-. If the operator 
A' := PA on the Hilbert space (kev(A OD ))- L is admissible we will call A 
admissible as well and define the reduced determinant as 

det'(A) := det(A'). 

Example: Consider the Lalpace operator A := —(-§^) 2 on the sphere 
S 1 ^ M/2vrZ. The Hilbert space H will be L 2 (S l ) and Ti! will be the span 
of {e lkx \k G Z}. By the above it follows 

det'(A) = (2tt) 2 . 

Let A be an admissible operator. In the following we will be interested 
in the "characteristic function" A — > det{A + A) of A. 
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Proposition 1.7 Let A be an admissible operator and let A £ C with 
Re(A) > 0. Then the operator A + A is admissible again. The function 
A — ► det(A+A) extends to an entire function with zeroes at the eigenvalues of 
—A, the order of a zero being its multiplicity as an eigenvalue. For A — > +oo 
we have the following asymptotics (see HJW): 



logdet(^ + A)~ J2 c u T(a u )\- a » 

OV^O-I,... 



+ £ ^ E7-i° gA l A '' 

a v =-ke{0,-l,...} y=i J 

Sometimes also the following is useful: 



- log det(,4 ±i\)= J2 c »( C o + 7 ± 4 + log A) 

a v =0 

a^-fcefC-i,...} K - V=i J / 
+ J] c u T(a u ){±i)- a »\- a » +o(l), 

af„^0,-l,... 

as A -» +oo, w/iere C = / °° ±=f^dt. 

Proof: Let M(s, A) = r(s)C4 + ,\(s)- We have the differential equation: 

A M ( S ,A) = -M( S + 1,A). 

Now let m E N, we get 

(^) m+1 CA + A(s) = (-l) m+1 (« + m)(s + m - 1) . . . s( A+x (s + m + 1), 
so that for m large enough it follows 

(^r+Ww = o. 

It is clear that we have log det(D + A) = lim s _>o(M(s, A) — Ca+a(0))/s 
and the limit in s may be interchanged with the A-derivation. It follows that 
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for m large enough we have 

(^) m+1 log det(£> + A) = (-l) m+1 M(m + 1, A) 

It remains to show the asymptotic expansion. For this recall that we have 
— I 

ds I 



-logdet(4 + A) = £\ s=0 Ca+x(s) and 



l r°° 

Ca + x(s) = / f-^A+xWdt. 
1 (s) Jo 



As usual we split the integral as f^ = Jq 1 + and accordingly (a+x( s ) = 
Ca+x( s ) + Ca+a( s )' where the second function is entire. Lets deal with 
Ca+x( s ) fi rs t- We estimate: 



\±\s=oC A+ x( S )\ = l/°°e, +A (^| 



OO „ 



-tRe(X n )M —X 



e 

which tends to zero exponentially and thus does not contribute to the asymp- 
totics. Now consider the integral Jq. The asymptotic expansion of A tells 
us that for iV G N there is a C > such that 

N 
v=0 



for all < t < 1. This implies 

■1 



TV oo / 



v=0 n=0 U ' 

We can write 



-xt 



iV oo 



-l n i 

A" — 

;/=0ri=0 



•'- • ■ '~~ ■ n\ T(s)s + n + a u 

N 
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For N large enough this leads to 

^ =0 n = 
n + a v = 

oo ( -\\n i 

+ v v \ n[ —^-c u —^— 



n + / 



1 / AT oo 

+ / e A+A (t) - j> £ 

J0 \ u=0 n=0 



o n! 



where 7 is the Euler constant. We will treat the summands separately. The 
last summand is of absolute value less than 



C / t aN+1 e- xt — = CX~ aN+1 / t aN+1 
Jo t Jo 



- t dt 
e — 
t 

< C\~ aN+1 I t ajv+1 e-* — 



t 

= c\- a ^r(a N+1 ). 

Letting N become large we see that the last summand does not contribute 
to the asymptotic expansion. Now the second summand splits into a con- 
tribution with ol v G {0, —1, —2, . . .} and the complement. For a G C — 
{0, —1, —2, . . .} consider the function 

/.<x) :- £ <-*>" 1 



n! n + a 

n=0 

The auxilliary function g a (x) : + t a ~ 1 e~ xt dt is rapidly decreasing in x for 
any complex a. A calculation shows that for a > we have f a (x) +g a {x) = 
x~ a T(a) This gives meromorphic continuation to a ^ fa(x) and shows 
f a ~ x" Q r(a) for all a € C - {0, -1, . . .}. 

Now it remains to consider the terms with a v = —k. For these we 
consider 



, n! n — fe 
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= hm f a (x) - 



a^-k k\ k + a 

(—l) k 

= -\og(x)x k ^- + x k a k + g- k (x), 

as we get by the de l'Hospital rule. Here at is the derivative of T(s)(k + s) 
at the point s = —k. This gives 

(_l)*+i (_!)* * i 

This gives the asymptotic expansion of — logdet(A + A). The formula for 
— logdet(A ± iX) follows similarly where we make extensive use of the fact 
that the Fourier transform of an L 1 function vanishes at infinity. □ 

1.8 There is also a more direct way to define determinants of operators 
on infinite dimensional spaces, namely the Fredholm determinant, which is 
defined as follows: Let T be a trace class operator, then we define 

oo 

det Fr (l + T) := ^ tr A fc T. 

fc=0 

The sum is absolutely convergent. Moreover, assume T normal with eigen- 
values (A n ) ragN then it follows that the infinite product 

II( 1 + A «) 

nGN 

is convergent and equals the Fredholm determinant of 1 + T. If the operator 
norm || T || of T is less than 1 we also have 

00 (—D n 

det Fr (l + T) = exp(- ~ -trT n ). 

n=l 

The connection between Fredholm determinant and zeta regularized de- 
terminant is: 

Proposition 1.9 Let A andA + l be admissible withkev(A) = 0. Assume 
A 6-1 is of trace class for some e > 0, then 
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Proof: Since the claim is certainly true for finite dimensions we can 
divide both sides by the factors stemming from the finitely many eigenvalues 
of A which are less than 1 in value. This means, we may assume || A^ 1 ||< 1 
so that we have at hand the exponential series description of the Fredholm 
determinant. Let (A n ) denote the eigenvalues of T then we have: 



d_ 

ds 



( A+1 (s) =-]Tlog(A„ + l)(A n + l)- 



n=l 

oo 



= - £ log(A n )(A n + l)' s - ]T log(l + — )(A n + 1)-. 

n=l n=l An 

The second term converges to — logdet j p r (l + A~ v ) as s — > 0. The first 
equals 

1 

An ' 



J2 log(A„)A; s - ]T log(\ n )\- s ((l + ~r s ~ 1), 

n=l n=l 

a 



in which the first summand is ^Ca(s). Let f s (x) = (1 + x)- s - 1 then the 
Taylor series expansion of f s around x = is 



n=l 



so / s (x) = sxh(s,x) where h is differentiable around (x,s) = (0,0), so we 
have |/g(ar)| < c\sx for some c > thus 



]riog(A n )A-((i + -r-i) 

n=l An 



< c 2 s ^ log(A n )A~ s_1 



n=l 

oo 



< cs^A^- 1 

n=l 



so this contribution vanishes at s = 0. 



□ 



2 L 2 -determinants 

The regularized determinant is defined via the zeta function C,a of an oper- 
ator A where Ca(s) = tiA~ s . Suppose now, A~ s belongs to some von Neu- 
mann algebra which is equipped with a canonical trace r. Then it would be 
natural to consider (a( s ) := T (A~ S ) as a generalization of the above. If Q 
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again has a holomorphic continuation to zero then one gets the notion of the 
" r-determinant" . Seeking interesting trace functionals we will restrict our 
attention to an elliptic differential operator Dona compact manifold. We 
will however not perfectly stick to our philosophy since we will not find a 
von Neumann algebra which contains the operator D~ s but such an algebra 
will show up when we switch to the universal covering space and the lift of 
D to this covering. 

In order to have at hand the theory of heat kernels we will restrict to 
the following class of operators: Let E denote a smooth vector bundle over 
a smooth Riemannian manifold X. A generalized Laplacian on E is a 
second order differential operator D such that the principal symbol equals: 

<td(x,Z) =|| £ fid. 

We will further insist that D is selfadjoint and semipositive, i.e. D > 0. By 
P| it then follows that D is admissible and thus det(-D + A) is well defined. 

2.1 From now on we fix the following situation: X-p denotes a smooth 
compact oriented Riemannian manifold with universal covering X and fun- 
damental group r. We assume T infinite. Over X-p we will have a smooth 
Hermitian vector bundle Ey with pullback E over X. On Ep we fix a gen- 
eralized Laplacian Dp and we denote its pullback to E by D. 

Let L 2 (T) denote the L 2 -space over T with respect to the counting mea- 
sure. The group T acts on L 2 (T) by left translations. Inside the algebra 
B(L 2 (T)) of all bounded linear operators on the Hilbert space L 2 (T) we 
consider the von Neumann algebra of T, denoted VN(T) generated by 
the left translations (L 7 ) 76 r- There is a canonical trace on VN(T) defined 
by tr(^ 7 c 7 L 7 ) = c e which makes VN(T) a type Hi von Neumann algebra 
[GHJ], which is a factor if and only if every nontrivial conjugacy class in T 
is infinite. 

It is easy to see that the commutant of VN(T) is the von Neumann 
algebra generated by the right translations. 

Fix a fundamental domain T of the T-action on X. We get isomorphisms 
of unitary T-modules: 

L 2 (E) =■ L 2 (T)®L 2 (E\ T ) =■ L 2 (T)®L 2 {E T ). 

So for the von Neumann algebra B(L 2 (E)) r of operators commuting with 
the T-action we get 



B(L 2 (E)f =■ VN(V)® w B{L 2 {E r )), 
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where ® w means the weak closure of the algebraic tensor product, i.e. the 
tensor product in the category of von Neumann algebras. 

Taking the canonical trace on VN(F) and the usual trace on B(L 2 (Er)) 
we obtain a type IIqo trace on the algebra B(L 2 (E)) r which we will denote 
by trp. The corresponding dimension function is denoted by dimp. Assume 
for example, a T-invariant operator T on L 2 (E) is given as integral operator 
with a smooth kernel /ct, then a computation shows 



2.2 Since the operator D is the pullback of an operator on T\X, it 
commutes with the T-action and so does its heat operator e~ tD . This heat 
operator e~ tD G B(L 2 (E)) T has a smooth kernel < x \ e~ tD \ y >. We get: 



tr r e tD = J tr < x | e tD \ x > dx. 



From this we read off that trre tD satisfies the same small time asymptotics 
as tre~* Dr [|. 

Let D' = D \(ker(D)) A -- Unfortunately very little is known about large 
time asymptotics of trre~ tD ' (see |13|]). Let 

GNS(D) := sup{a G R | tr r e" tD ' = 0(t~ a/2 ) as t -» 00} 

denote the Gromov-Novikov-Shubin invariant of D (111 111, [1131 ). Then 



GNS(D) is always > 0. J. Lott showed in [14] that the GNS-invariants 
of Laplacians are homotopy invariants of a manifold. J. Lott and W. Luck 
conjecture in [^] that the Gromov-Novikov-Shubin invariants of Laplace 
operators are always positive rational or 00. 

2.3 Throughout we will assume that the Gromov-Novikov-Shubin in- 
variant of D is positive. We consider the integral 



r(sj Jo 



which converges for Re(s) >> and extends to a meromorphic function on 
the entire plane which is holomorphic at s = 0, as is easily shown by using 
the small time asymptotics ([BGV],Thm 2.30). 
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Further the integral 

converges for Re(s) < GNS(D), so in this region we define the L 2 -zeta 
function of Z?r as 

cgoo :=&(*) + &.(*)• 

Assuming the Gromov-Novikov-Shubin invariant of D to be positive we 
define the L 2 -determinant of Dp as 

det^^r) :=exp(--^| s=0 cg(s)). 



Proposition 2.4 Lei Z?r denote a generalized Laplacian over the mani- 
fold Xy- Then the L 2 -characteristic function: A ^ det*- 2 ^(Dr+A), A > 0, 
extends to a holomorphic function on C\(— oo,0]. 

Proof: Let e > and consider the contour 7 given by the negatively ori- 
ented boundary of the domain G e := {dist(z, ]— 00, 0]) > e}. For Re (s) >> 0, 
say Re(s) > R and A € G e we can write 

(D + X)- s — 77~~t f z~ s (z -{D + A))- 1 ^. 

Varying e this extends (D + \)~ s to a holomorphic pseudodifferential oper- 
ator valued function on {Re(s) > R} x C— ] — 00, 0]. For Re(s) > R and 
Re(A) > we further have the differential equation 



This integrates to 



lrCg +A ( S ) = -<g +A ( S + i). 



We thus extend the function (A, s) 1— > CdI+\( s ) to the domain C— ] — 00, 0] x 
{Re(s) > R — 1}. Iterating this argument extends it to a meromorphic 
function on C— ] — 00, 0] x C which is holomorphic at s = 0. This gives the 
claim. □ 
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3 Convergence of determinants 

In this section we will show that in case of a residually finite fundamen- 
tal group the characteristic functions of a tower will converge to the L 2 - 
characteristic function. 

3.1 Let T be an infinite group. A tower of subgroups is a sequence 
Fi D T2 D . . . of subgroups of T, each of which has finite index in T and 
the sequence satisfies HjTj = {1}. A group T that has a tower is called 
residually finite. 

A tower (Tj) is called a normal tower if each of the groups Tj is normal 
in T. Since the intersection of two finite index subgroups is a finite index 
subgroup it follows that to any tower (Tj) there exists a normal tower 1^- 
such that T'j C Tj . Since we think of T being a fundamental group we say 
that the normal tower (1^) dominates the tower (Tj). 

Finitely generated subgroups of GL n (C) are residually finite [Alp]. See 
[Kir] for more criteria of groups to be residually finite. 

As a special example from arithmetic consider the following: Let H 
denote a nonsplit quaternion algebra over Q which splits at oo. Consider 
the group schemes H* and H 1 of units and norm one elements in H. Since 
via the splitting homomorphism ir : H*(R) — ► GL2(R) the norm becomes 
the determinant, // 1 (K) is mapped to .SI^R). Let R denote an order in H 
then T(l) = 7r(// 1 (i?)) is a cocompact discrete subgroup of SX2(R). For an 
ideal I in R let T(I) = {76 T(l) | 7 = 1 mod /} the principal congruence 
subgroup. Now let (/ n ) ne N be a decreasing sequence of nontrivial ideals in 
R with rijlj = then the groups Tj = T(Ij) form a tower. 

3.2 Now assume T = tti(Xt) is residually finite and fix a normal tower 
(Tj)j£ N . For any continuous function / on R we define the operator f(D) by 
means of the spectral theorem as follows: Let \i denote a spectral resolution 
of D, i.e. n is a projection valued measure on the spectrum Spec(D) of the 
operator D such that on L 2 (E) we have 

D= [ Xdfi(X). 

JSpcc(D) 

We then define 

f(D) := / /(A)d M (A). 

It follows 

tr r (/(£>)) = / /(A)dtrrMA), 

JSpec(D) 
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where the integral will converge if f(D) has a sufficiently smooth kernel. 

Choose n G N larger then 2 dimG, then (1 + Dr j )~ n is of trace class and 
has a Schwartz kernel which is (dimX + l)-times continuously differentiable. 
Let F™ v denote the space of even C°°-functions on R which satisfy 

II / ||riJ II / 1 1 77.5 || / lln^ °°7 

where the norm is defined by || / \\ n '-= sup a;gR (l + x 2 ) n \f(x)\. 
Note that the even Schwartz functions lie in F™ v . 

Theorem 3.3 (Compare j^j.) For any f G F^ 1 we have 



For any Schwartz function g G <S(R) we have 



trg(D r 



J -> oo 



tv r g(D). 



[T : T s ] 

Before proving the theorem we give some immediate applications: 



Corollary 3.4 (Kazhdan inequality, compare pojj) Let h{D-p j ) denote the 
dimension of the kernel of Dy and M 2 )(-Dr) the T -dimension ofker(D) then 
we have 

lim SU p^4</ l ( 2 )( J D r ). 

3 V 1 ■ 1 31 

We say that D has a spectral gap at zero if there is e > such that 
SpeaDn]0,e[= 0. Let 

Nj(x) := ^dimEig(D,A). 

\<x 



Corollary 3.5 Assume there is an x > such that 

[r : r,-] 



then D has a spectral gap at zero. 
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Proof of Corollary |3.4|: Let F denote the set of all / G <S(M) with 



/(0) = 1, f(x) > for all then we have 

h(D Vj )<trf(D T .) 

for all f £ F. It follows 

hmsup J < lim J = tr r /(D) 

for all / € F, So that 

hmsup ^4 ^ H trr/P) = fc (2) (A0- 

□ 

Proof of Corollary |3.5| : Assume x > as in the corollary. Let / G 
C£°(0, a;) be positive, /(y) < 1 for all y, then 

-JV^Oj^tr/CA^O. 

Hence for all such / we have trp/(-D) = which gives the claim. □ 



Proof of the theorem: Fix xq G X and v G E* the dual space to 
E Xo . Recall that the distribution u s = cos(sy/D)v(5 X0 ) G C oa {E)' satisfies 
the wave equation 

8 2 

(^ + D)u s = 0. 



By general results on hyperbolic equations ( [ lSj , chap IV) it follows that 



cos(sV-D) has propagation speed <| s |. Now for / G F™ v the formula 

f(VD) = ±- f fcos(sVD)ds 
Air Jr 



implies that f(yD) has finite propagation speed if its Fourier Transform / 
has compact support. Let PW denote the Paley- Wiener space, i.e. the space 
of all Fourier transforms of smooth functions of compact support. Then a 
standard verification shows that PW is dense in / G F^ 1 with respect to 
the norm || / || n . 
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Let / G PTy, we will prove the assertion of the theorem for /. 

Schwartz kernels of operators on sections of the bundle are distri- 
butional sections of the bundle Er ®ext E T over Xr x Xr- Where ® e xt 
means the exterior tensor product, i.e.: (E<& ext F)i xy \ = E x ®F y . Since 
Xr = T\X, these can be identified with T x T-invariant sections of E® ex tE* . 

Lemma 3.6 Modulo the above identification we have for f G PW the 
identity of Schwartz kernels 

< Tx | /(V^F) \Ty >=^2 <x \ f(VD) | 72/ > 7- 

Proof of the lemma: Take tp G C°°(Er) and identify ip with its pull- 
back to E, which is a 7-invariant section of E. The operator cos(sv^D) may 
be applied to ip in the distributional sense. Since cos(sa/D) is T-invariant 
we obtain a T-invariant distribution, so cos(s\/D)<p G C°°(E-p)'. we thus get 
an operator cos(s\MD) from C°°(Er) to C°°(£'r) / satisfying the same differ- 
ential equation and initial value conditions as cos(sy/Dr), hence it equals 
the latter. For / G PW the formula f(VD) = ^ / R / cos(sV~D)ds gives 
f(y/~D) \c°°(E r ) = fWDr)- Since f(y/Dr) is a smoothing operator we may 
write 

f(VD)<p(x) =f x <x \ f(VD) I y > V (y)dy 

= E 7 er Xr r < x I /(v 7 ^) I 72/ > lf<p(v)dy, 

where jFr denotes a fundamental domain of the T-action on X 
sum 

J2< x \ f(^D) I 72/ > 7 
is locally finite and this gives the lemma. 



Now the 



□ 



To continue the proof of the theorem fix fundamental domains Ty C 
Tt\ C Tt 2 C ... in a way that there are representatives for the classes in 
T/Tj such that Tv^ = U <T .r/r J -°'^r- We then get 



[r : r,] 



[T:r 



/ tr < x I f(V~D) I 7X > 7cfe 



J J 7 er, J 
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The T-invariance of the operator f(yD) implies < r yx\f(^/D)\ r yy >- 
7 < x\f(\fD)\y > 7 _1 for all 7 G T. Thus the above equals 



7 Gr, I 1 • 1 iJ CT :r/r, ^ 
Since Fj is normal in T we end up with 



tifUD T] ) , 

r-p -p r =J2 tr < x I /(>/D) I 7^ > 7<&- 

As j — > 00 we get less and less summands, only the summand of 7 = e 
remains, but this is just trrf{V~D), so the claim follows for / G PW. 

Now let / £ be arbitrary. Applying the above to f(x) = e~ tx (see 
Lemma |3.?1 ) and using standard techniques (||) it can be shown that there 
is a constant C > such that 

tr(l + Dr )" n 
V [r , r J <C foralljGN. 

Let e > 0. To our given / G F™ v there is a g G PVF such that 
sup I f(x) - g{x) |< 



~xm ' J ' ' * K (1 + x 2 )"' 
We get 



— ^TiT] tr r/(v£>) < l-prriT] [r7T~T~ 



■ , [r:ri] -trr^)| 
+ I trrg("/D) - tr r /(\/D) | . 

tr((l+D r .)-™) 

The first summand on the right hand side is less than e < 

eC. The second summand tends to zero as j — ► 00 and the third is less that 
etrp(l + D)~ n . The theorem follows. □ 



For later use we prove: 



REGULARIZED AND L 2 -DETERMINANTS 



19 



Lemma 3.7 The function 

tre tDr J tn 

is rapidly decreasing at zero. Moreover this holds uniformly in j, that is, 
there is a function f :]0, 1[— » [0, oof which is rapidly decreasing at zero such 
that 

tre~ tDr i _^ tD 



1 [r:r,] 

for all j G N and a// f G]0, 1[. 



tr r e-^|</(i) 



Proof: Arguing as in the proof of the preceding lemma we see that 

< Tx | e~ tDr \Ty>=J2< x \ e ~ W I IV > 7> 
7er 

where convergence remains to be checked, however. To this end we write 
d(x, y) for the Riemann distance of the points x, y G X and we use Theorem 
3.1 of |H to get for d(x, y) > a > 0: 

|< x | e~ tD | 7 y >|< ^L e -^y)- a ) 2 /\ 



where | . | here denotes the matrix L -norm, so | A |= VtrAA*. 
By Proposition 4.1 in 0] we conclude that the function 



e ~(d(x,y)-a) 2 /t 



is in L l {X) and the L 1 -norm is clearly bounded by a constant independent 
of y. From this the convergence of the sum above follows. As in the previous 
section we get: 



, -tD r . 

tre j 



tr r e tDr = ^2 / tr < x I e W I 7 X > l dx - 



Now fix xo G and r > such that the ball of radius r around xq contains 
Tt, i-e. Ft C B t {xq). Choose i? > max(r, 1) such that y G .7T,a? G X with 
<i(xo, x) > R implies d(x, y) > r. Choose jo G N such that for all j > jo and 
all 7 G Tj-\{1} we have jTr n Br(xq) = 0. Under these circumstances we 
get for j > j : 
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tre^i__ w < y C r e „ {d{x ^ x y r) 2 /tdx 



Vt Jx\B R (x ) 
C "*> 



< I e~^~ r ) /*vol(d(x,x ) = £R 



R 



< ^ [°° e-^/'e^dC, 



for some Ci, C2 > by Proposition 4.1 in EL But this can be calculated 



as 



C, / e^v^)^^* < C 3 [ e^dx 
R/Vi JR/Vt 



< C 3 / xe x2 dx for t < 1 
2 

which gives the assertion of the lemma. □ 

For the following theorem we need not require the Gromov-Novikov- 
Shubin invariant to be positive. 

Theorem 3.8 As j — > 00 we have 

det(L>r 3 + A) A — ► det^pr + A) 
locally uniformly in A G C\(— 00, 0]. 

Proof: For ReA > and s G C we consider 



-tD r 



1 /-oo + rp 1L Tj 

1 ' s-l/ lre 3 . -tDT\-t\. 



r(s) J Mr : r 
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which converges by the previous lemma. The formula 

Fj(X, s) = ±^ S - tr r (D + X)- s Re( S )»0 

together with the analytic continuation of the zeta function tr(Drj + s 
or trr(-D + A)~ s shows that Fj extends to a holomorphic function on the 
domain (C\(— oo,0]) x C. As Re(A) — ► oo we have Fj(X,s) — > uniformly 
in {Re(s) < K} for all Xgl. We want to show that this convergence is 
uniform in j £ N. To this end let Re(A) > and split the integral above 
as Jq 1 + f£°. The integrand in the J^-part obeys a uniform estimate by the 
previous lemma and thus the convergence is uniform in this part. 

For the J^-part recall that there is a positive constant C such that 

tr(Dp.+l)~ n —tD r . 

jjrp-] < C, from which it follows that tr j p, r , j 3 is bounded for t > 1 

with a bound not depending on j. From this it follows 



Re(A) — > oo 
Fj{\ 8 ) 

locally uniformly in s and uniformly in j £ N. 

On the other hand we have a differential equation 

^. Fj (\s) = F j (X,s + l). 

For e > let G e denote the region 

G e := {z £ C | Re(z) > -^and dist(z, (-oo, 0]) > e}. 

From the above it follows that there is a R > such that for Re(s) > R 
we have 

j oo 

Fj(X, s) — > uniformly in G e x {Re(s) > R}. 



We want to show that, having this convergence for Re(s) > R it already 
follows for Re(s) > R — 1. To achieve this let Re(s) > i? — 1 and consider 

Fj(A, s) - Fj(fi, s) = j Fj(z,s + l)dz, 
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which tends to zero as j — ► oo. But on the other hand 

(j, — ► oo 

F j (\,s)-F j { f i,s) — ► -Fj(A, s). 



as the latter convergence is uniform in j we get the claim. From this we get 

3 -> oo 

Fj(\,s) — > uniformly in a neighborhood of s = and this gives the 
theorem. □ 

3.9 Write h(D-p) for the dimension of the kernel of D? and h^{Dx) for 



the T-dimension of the kernel of D. Luck showed in [15|: 



h(A p . 



r, 



3 -> oo 



where A p is the p-th Laplacian. Unfortunately the combinatorial arguments 
he used do not carry over to the analytic situation. So we only can show 
such a convergence under additional assumptions. 

Theorem 3.10 Suppose that there is a number e > such that 

Spec(£) r ,)n]O,e[=0 



for all j, then 



and 



i 3 -> oo 
det(D r .) [r:r ^ — ► det( 2 )(I> r ). 



Examples of this are Shimura manifolds , where T has Kazhdan prop- 
erty (T) JO]]. This for example holds if the universal covering X of Xr is a 
symmetric space with every simple factor of rank > 1. 

Proof: Apply the proof of the previous theorem to D — e. □ 
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Theorem 3.11 Assume there exist constants C, a > such that 

tre ' tDrj < Ct -a 

[r:r,] ^ ct 

for t > 1 and all j G N, £/ien i/ie Gromov-Novikov-Shubin invariant of D is 
> 2a and 

h(Dr 3 ) J 2 °° 

[r : r,] 

as we// as 



1 J ^ oo 
det(D r ,) [r:rj] — ► det( 2 )(L> r ). 



Examples for this are the Laplacians of flat tori or Heisenberg manifolds. 

-tD r . h(Dr ) 

Proof: We have that tr ^ r . r ^ 3 tends to j r . r 3 j as t — ► oo and by the 

-tD T 3 -> 00 

assumption this is uniform in j. Thus from tr ^ r . r j 3 — ► trre _tD and 
t — > oo 

trre _tD — ► h( 2 \Dr) the second assertion follows. The first is now easy 
and for the third recall that for < Re(s) < a we have 

We split this integral into a Jq 1 - and a J^-part. The J^-part defines 
an entire function converging locally uniformly to zero in a neighborhood 
of s = as j — > oo. In the J^-part the integrand is dominated by some 
constant times t~ a which allows us to interchange the integration with the 
limit as j — > oo, so this part vanishes as j — > oo. Together we get 



[T-.Fj] ~ ' 



uniformly around s=0 which gives the last claim. 



□ 
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3.12 Question: Does for any generalized Laplacian the sequence 

dim ker D-p 

[r : rj] ' 

converge to dimr ker Dl 

3.13 Question: Does for an arbitrary generalized Laplacian the se- 
quence det(D rj ) [r:r ^ ] converge to det (2) (L> r ) if GNS(Dr) > ? 

Let for j G N and x G M: 

Nj(x) := ^dimEig^-lA) 

\<x 

the eigenvalue counting function of -Dry The condition of the last 
theorem would follow from the existence of constants a,b,C > such that 

jy ' ( ff-y )) <g(«'+« t ) .>o, 

for all j G N. If this holds, we say the the counting functions satisfy a 
global growth estimate. 

In the following chapters we will specialize to the case where X is a 
symmetric space without compact factors. 

3.14 Question: Suppose X is a symmetric space of the noncompact 
type and D a generalized Laplacian which is invariant under the group of 
orientation preserving isometries of X. Do the counting functions of D then 
satisfy a global growth estimate? 



4 A product formula 

4.1 Suppose g r : Xr — > Xr is an isometry. Suppose further the action of g r 
lifts to a linear isometry of E?. The <? r -equi variant zeta function (see 



[12 1 @)of D T is defined by 



CD r ,g T (s) := ^tr(r 7r |Eig( J D r ,A))A- 

A>0 
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Lemma 4.2 The equivariant zeta function extends meromorphically to 
the entire plane and is holomorphic at s = 0. 

Proof: Use the fact that the operator g r e~ tDr has kernel 

< x\g r e- tDr \y >=< x\e~ tDr \g r y > g r 



and argue as in Lemma 1.3 



□ 



4.3 We define the g r -equivariant determinant as 

det 9r (D r ) :=exp(-C^ riSr (0)). 

The following proposition is easy to see. 

Proposition 4.4 The function 

A i-> detg r (D r + A), A > 0, 

extends to a holomorphic function on C — (— oo,0]. We have det 9r (.Dr) = 
lim Ai0 det 9r (D T + \)\-^(9 r \^r D r ) _ 

□ 

4.5 Again we fix an isometry g r of X? but now we also choose a lift g to 
X. This lift is an isometry of X which is unique up to multiplication with 
elements of T. We are going to consider the operator ge~ tD . The fact that 
the small time asymptotics hold pointwise || implies that trY(ge~ tD ) again 
satisfies a small time asymptotics. The number trr(ge~ tD ) does not depend 
upon the choice of the lift g. Let 

GNS g (Dr) := sup{a G R\tr r ge~ tD ' = 0{t a ' 2 )} 

be the equivariant Gromov-Novikov-Shubin invariant. We will as- 
sume GNS g {D v ) > 0. Let 



(h r , g (s) : +f ^y j\ s -hr r (ge- tD )dt, 



then this function is defined for Re(s) >> and extends to a meromorphic 
function which is regular at s = 0. The integral 



1 



>3C 
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converges for Re(s) < %GNS g (D r ). In this region we define the equivariant 
L 2 -zeta function of as 

CS» : =CD r , 9 (^) + C|) r , 9 (s), 
and the equivariant L 2 -determinant as 

detW(2?r):+exp(-^|^oCS>))- 
In analogy to the classical case we get 

Proposition 4.6 The function A i— ► det^(Z?r + A), A > extends to a 
holomorphic function on C — (— oo,0]. 

We have detf\D T ) = lim Ai0 det<- 2) (D T + A )A~ trr ^l ker ^). 

□ 

4.7 Contrary to the non L 2 -case the condition of Xy to be compact is 
not really needed in the L 2 -setting. One only needs the convergence of the 
integrals. For 7 E T let T 7 denote the centralizer. From || we take 

Lemma 4.8 The operator je~ tD is of trr 7 -£race class. Its trace is 
trr (je~ tD ) = / tr < x\e~ tD \^x > jdx, 

where J-~ f is a fundamental domain for T^\X and the integral converges 
absolutely. 

This integral can also be written as the integral over the compact set X-p 
of the smooth function 

tr < x\e \tx > t, 

rS[7]r 

where the sum runs over the T-conjugacy class 0/7. Moreover, for [7] 7^ 1 
the function t ^ trr (7e~* D ) is rapidly decreasing for t [ 0. 

□ 
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Theorem 4.9 For Re(A) > we have the locally uniformly convergent 
product expansion 

det(D r + A) = n<let(2>(Dr 7 + A), 

[7] 

where the product runs over all conjugacy classes in T. 
Proof: As in the Proof of Lemma |3.7| we have 



and therefore 



< Fx I e~ tDv \ Ty >=Y, < x \ e~ W I IV > 7 

7er 



tre -t(D r+ A) = f ir<x\e-^ D+ ^\^x>jdx 

= ^2Y1 J tr < x\e~ t( - D+X) \T~x > rdx 



[7] t€[j] ' 

[7] 



according to Lemma 4.5. By Lemma 3.7 we conclude that for Re(A) > the 
difference of zeta functions 

Cd t +\(s) - CdI+x( s ) 
is entire and given by the integral 
1 



which by the above is 



00 

^(trte-^+A) _ trre -^+A) )cft) 



The summands are equally well entire in s and given by similar integrals. 
Moreover the sum converges locally uniformly in s and A which implies the 
claim. □ 



4.10 Example: Let X-p be a compact Riemannian Surface of genus > 2 
with the hyperbolic metric and let A be the Laplace-Beltrami operator on 
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Xr- The set of conjugacy classes [7] of T stands in a natural bijection to the 
set of all free homotopy classes of closed paths in X-p. Each such class has 
a member of minimal length / 7 . A closed path in the class of [7] is called 
primitive if it is not a power of a shorter path. This is a property of the 
class [7]. To every [7] there is a unique primitive [70] underlying [7]. We 
call the natural number ^ 7 := -A- the multiplicity of [7]. By [|| we get for 

e -(\A+i+ iV ) 

det 7 2 )(Z?r 7 + A) = -exp ^ 



K N>0 ^7 



For [7] = 1 I further shows 



det^pr, + A) = ( e-Mdet(P + \/\+ i) 



2-2g 



where P := y A d + j and A d is the Laplace operator of the 2-sphere. 
This shows that the determinant det(A + A) equals 



e 



2-2g 



^- i idet(p+ x /\+^) n n (i- e - ( v^ +jv)z - 

[■y]prim N>0 ^ 
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